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ON THE SOLUTION OF THE TRANSPORT EQUATION WITH PERIODIC
BOUNDARY CONDITIONS BY THE METHOD OF DISCRETE ORDINATES

A. L. Marshak

Institute of Astrophysics and Atmospheric Physics
202444, Téravere, Estonia, USSR

ABSTRACT

The one-dimensional transport equation in slab geometry with
periodic boundary conditions is studied. It reduces to the inte-
gral equation of the Peierls type. The spectral radius of the
integral operator is estimated. We analyze the discrete-ordinates
algorithm for estimating the solution. Convergence is proved and
methods of estimating the rate of convergence are described. The
estimates of some quadrature rules are derived by way of an example.
The numerical results confirm the convergence properties of the
proposed algorithm.

1. INTRODUCTION

We consider the integro-differential transport equation in an

anisotropically scattering plane-parallel slab

1
@y -udds ¢(tou) = 2 gusu")d(T,utddu’ + £(1,u),
T 2
-1
where the phase function
2T
Al = i '
glu,u") = 5 G(cosx)dy
0

is averaged over the azimuth. Here,
323
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cosX = uu' + Ya-uh a-u'?) cos (Y-¢') .

The independent variables are T € [0,b}, with b representing the
optical slab thickness and u € [-1,1]. The dependent variable
¢(1,U) represents the neutron angular flux, and f(r,u) is a given
nonnegative function which represents the contribution from inner
sources. The parameter A is given.

We add the boundary conditions corresponding to a periodic

problem9

¢(0,U) = Kl ¢(bsu) + VO(U); u >0,

(1.2) }
$(b,u)

where 0 <

KZ ¢(0,U) + Vb(u)s u <o,

f_l and V., V. are given nonnegative functions

1* <2 0> b
(outer fluxes).

The purpose of this paper is to develop the discrete ordi-
nates method for the boundary-value problem (1.1) and (1.2), to
study convergence and to estimate the rate of convergence of this
method.

The plan of the paper is as follows: 1In section 2 we obtain
the integral equation corresponding to (1.1) and (1.2) and analyze
its solvability. The estimate of the spectral radius of the inte-
gral operator is given in section 3. The algorithm of the solution
of the boundary-value problem is described in section 4. Sections
5 and 6 are devoted to the questions of convergence and the rate
of convergence of the discrete-ordinates method. In section 7, a
numerical example confirming the convergence properties of the

algorithm proposed in section 4 is considered.

2. AN INTEGRAL EQUATION

We derive the Peierls integral equation by denoting the right-
hand part in (1.1) by
1
2.1)  =x(t,W) = % J gu,u")o(r,u"ddu' + £(1,u).
-1
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Then, solving the boundary-value problem, we can easily obtain

2

I-T_

[k (B,4v () Je ﬁ x(tae ¥ odrt, w0,

) 0
(2.2) $(t,1) = bt b et
[c)$(0,1)+7, (1) ]e ¥ Hxﬁ e Yoart, <o,
From (2.2), it follows that
b x
$(b,u) = B*/—I—IVO(U) +1 jx('r'.u)eu dr'l, u >0,
YT u
1 0
(2.3)
b _b-t'
$(0,u) = e_—T:/—i:'—[Vb(U) - % Jx(r',u)e Hodr, uc<o,
K2 0

and, substituting (2.3) and (2.2) intp (2.1), we obtain the integral

equation
b1
x(T,H) = _)Z'\'J J[KO(T,T'.UsU')X(T', sign(T—T')U')
00
(2.4) + K (G0 )=, 1) + Ky (1,77, 1,1 )x (T, -u') 1du'dr!
+ 901,
where

T
o e U B e
Ky —(T=1")/u"
Ky (T,Thmu') = 55 g(u’U')s_i__)_h_l_
u b/u' *
e 'Kl
- T _ A
K e (1'-v)/u

KZ(T,T',UsU') -T-g(u,-u')—;37§1jf————,

o
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. \ 1 VO(U')e(b_T)/u
(LW =3 J[g(u,u') Y T
0 e ™
t/u'

Vb ("U’)e
+ g(u,-u") ———g7ﬁr————4du' + £(T,u).
e "KZ

In operator notation, (2.4) is written as:
0
(2.5) x=Rx+ £,

where the operator R is defined by

(2.6} Rx) (t,u) =

| e 1]

na| >

b

J T:(TsT',U)dT', R:QP+QP,
0

01

with
1
2.7 T?(T,T',u) = JKi(T,T',u,u')x(T',vi(T-T')u')du‘, i=0,1,2,
0
and
sign t, 1 =0,
(2.8) v, (8) = {1, i=1,
-1, i=2.

Here Qp is the space of functions f£(t,y) such that f € L?O )’
1 4
1 < p < = with respect to 7 and f € C[_1 11 with respect to U, with
»
el = max el .
Poqua tP
Let the phase function g be continuous on [-1,1]x[-1,1] and be

normalized by the condition,

1
(2.9) Jg(u,u')du' =2, uel[-1,1].
-1
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Then we have

o 0o
Lemma 2.1. The operator R is compact in Q »Q . If

(2-10) g(li’u') _>_ q > 0: ]J,U' € ["'191]:
then

.11y Rl <A
Q

for any Kys Ky such that

(2.12) Ky + Ky < 2.

+ -
Proof. Let us divide the operator R into two operators R = R +R ,

where
T b
(R+X)(T,u) = %{J Tz(T,T',u)dT' + J TT(T,T';U)&T']
0 0
and
b b
(R x)(T,u) = %[J Tg(T,T',U)dT' + J T;(T,T',U)dT’].
T 0

We show the compactness of the operator R* (for R the proof is
analogous). Let € > 0 and
1 T
+ )\ \} 1 A t t
Rx)(T,1) =5 | [| Kg(ruthmu’)x(t’u')dt
e 0

b
+ J Kl(r,T‘,u,u')x(T',u')dr']du'.
0

The operator R: is compact, because the set {R:x} is uniformly

bounded and equicontinuous (kernels KO and K1 are continuous
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because the singularity at ¢' = 0 is absent). But
€ T
sup{R:x—R+x| = sup %'KI[J KO(T,T',u,u')x(T',u')dT'
TsH T, 00
b
+ | Rttt ut)x(rt,ut)de '

(=] *

€ T

X 1 Y | '
<7 8o 1%l slTlp JT[J e (T /W g
0

0
b
K - ! (]
+-—b—/-u—%——' I e (=1 /u dr'jdy!
e —Kl 0
_ '
, e T
=5 &rax Hx[Ln sup J [1 - ——————:E7ﬁ7—]duv
0 1—K1€

A
if gmr:tx ”XHoo I du' ~ 0,
o}

as € > 0. From this it follows that R+ is compact as a uniform limit
of the sequence of the compact operators.

Next we estimate its norm. The following inequality is easily

obtained
A 1 e—T/u' (1-|<1)
el < 3 Wl swp 1 e - ——)
Ty U 0 1—|<1e
(2.13)

A )
i ]}dul’-

' -—
+ BN - ————
_Kze

Taking into account the condition of normalizing the phase function
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(2.9), the assumption (2.10), and the fact that if (2.12) holds,
the expressions in square brackets are simultaneously equal to 1
only at the point U' = 0, we arrive at the estimate (2.11). This

completes the proof.

Remark 2.1, 1In the case of Ky = Ky
the equality Rec = Ac, where ¢ is a constant, is valid. From this

= 1, one can prove that

and from (2.13) it immediately follows that ||R|| _ _ = A.
0 Q

3. THE SPECTRUM OF THE TRANSFER OPERATOR AND THE
DIFFERENTTABILITY PROPERTIES OF THE SOLUTIONS
Following Kellers, we shall estimate the spectral radius of
the integral operator (2.6) by using sufficient conditions for the
existence of only trivial solutions to the homogeneous equation
corresponding to (2.5).
Taking into account the nonnegativity of kernels Ki’ i=20,1,2
we see that the inequality

b1
|x(T,m) | 5;% HXIL>° |J J [K0+K1+K2]du'dr'|
00
1 1
(-1 =5 lxll,, [J g(u,n)du’ - J g(u,uye /¥ g, (O®
-1 0 1
1
- f U Pl L SR
0 2
is valid with
l-Ki
E W=—">F5, 1i=1,2, u € [0,1].
Ki l—Kie_b/u

It is obvious that 0O f_EK (i) <1, i=1,2, ue€ [0,1] and that
i
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min € (W) = lim £ (W = 1-x
Ofyii i w0+ i

i,
Let § = min{l—Kl,l—Kz}; then we obtain from (3.1) that

1 -T/u'
N R
0

1X(T:U) l

1A

o (-

+ g (u,-u" ) ——F—1du'}

Lo ~(b-t) /'

(3.2) < Alx]] {1-8q J £ * ‘; dp'}
0
1

<A lxll, (1-8q f B/ gy

0

A lxll, {1-8qE, (b/2)].

Here we have used the condition (2.9) and the assumption (2.10)
about the positivity of the phase function.
Let (2.12) hold; then § > 0. Since the right-hand part in

(3.2) does not depend on T and U, we can conclude that

lixl,, < AT1-8qE, (b/2) 11| %1, -

From this, it follows that the homogeneous equation corresponding

*
to (2.5) has only a trivial solution for A < X} , where
% -
(3.3 A" = [1-6aE, /217

It is clear that q < 1, since, in the opposite case, condition
(2.9) would be violated. Further, as § < 1 and EZ(T) <1, t>0
(equality being reached only at the point T = 0), it follows from
(3.3) that A" > 1 (cf. estimate (2.11)).
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Let us now assume that (2.12) holds and that, for instance,
K = 1. Then EK = 0 and <y < 1. It is not difficult to check that
1
in this case

lIxll,, < AML1-31-xDE, B} x|,

and

A<t = [1—%(1—K2)E2(b)]_1.

Lastly, if Ky =Ky = 1, then the condition A < 1 guarantees
the existence of only a trivial solution to the homogeneous equa-
tion.

Thus we have proved:

Lemma 3.1. Let conditions (2.9) and (2.10) hold. Equation (2.4)

%
has a unique solution for all A < A, where

{ -
[1-8qE, (b/2)T™, 0 <k, x, < 1,
1-«
* 1 -1 ) .
(3.4) X ={ll~q5—E,®]", 0<k, <1, kg =1 1,3 = 1,2,
i1,
1, Kl = KZ =1,
Here § = min{l—Kl,l—KZ}, q-= inf g(u,u') and Ez(b) =
uol—lte['l’ll

1
J exp(-b/u)du, b > 0.

0

Corollary 1. The operator R defined in (2.6) has a discrete

spectrum with spectral radius estimated by
*
6R§1/)\ .
*
where A was defined in the lemma for different Kys Koo

The differentiability properties of the solution of the integral

transport equation in slab geometry have been studied by many authors.
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It suffices to refer to references 1, 4, 5, 16, and 20, Some of
these results can be generalized in the setting of the above

boundary-value problem (1.1) and (1.2) namely.

Lemma 3.2. Let f be continuously differentiable with respect to

T € [0,b] and continuous with respect to u € [~-1,1]. Let V

O,
Vb €cC and g € C Then the solution x* of equa—

[_1:1] [_lsllx[_lxll.
tion (2.4) is continuously differentiable with respect to T within
. *
the interval 0 < T < b, its partial derivative 3x /3T is the unique

solution (if the conditions of lemma 3.1 hold) of equation

0

* *
of
(T,0,1)-T; (T,b,1)] + 5 —(T,1),

2
x(1,0) = (RO (T,) + 5 1 [T
i=0

and the estimate

*
(3.5) max 122 (r,w| < e(fin 7] + [InG-D], 0 < T <b,
~1<p<1 Ot -
-SHS
¢ is a constant,

is valid.

One can carry out the proof of this lemma as in Pedas15 by

using the well-known Lebesgue theorem and the mean value theorem.
In reference 20, Pedas and Vainikko have defined more precisely

the class of the solutions for the case k, = =0, V

K.
1 2 0
derived the estimate for the nth derivative of the solutions to

= b = 0 and

integral equations with weakly singular kernels. Apparently their
proof can be extended to the case considered above, but it goes

beyond the confines of the present paper.

4. THE DISCRETE-ORDINATES METHOD

Let us replace the integral in the right-hand side of (1.1) by

some quadrature rule
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1 N

J odn =} o),

-1 [Ki=1

(N ¥ )
(4.1) o =’ >0, K| = 1,2,...,N,| % O = 2y Mg = M s
K|=1
[®] = 1,2,...,N,
UK=_U_K’ K=1,2,...,N, 0<111<112 Keee< IJNf_l-

We obtain the following approximate boundary-value problem

(o aY

i N A N N
Wy F 0,00 =5 ) 0 QuLu)e () + £, (D),
[k]=1
lil =1,2,...,N,

N 0
kb () + Vps K = 1,2,...,N,

.2) { 40

b
K’

¢§(b) K2¢E(0) +V K=-N, -N+1,...,-1,

where ¢R(T) = §M(T 1) = $(To), K| = 1,2,000 N, V9 = V@),

VEK = Vb(u_K), K=1,2,...,N. From (4.2), by replacing X?(T) by

N A ¥ N
(4.3)  x(0 =3 1 o) 60 + £,(0, 1] = 1,2,....N,
kj=1

we obtain a set of integral equations

LN

XE(T) = % J z uK[KO(T’T"ui,uK)X
0

VO(T-T')K(T')
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Here

MARSHAK
+ K, (1,7',1, 51 )xN(T‘) + K (T,7',u,su,)
1Y PFiPTRIK 2V RTR

<A (elar + £0, 1] = 1,2,...N

N \Y

N 0 A ¢ X
£.(1) = £ (T,1,) =5 ) o lgu,u,) ———
i N 1 2 K=1 K i”"K eb /ui"Kl

b t/uy
v,e
-K 0
+ g(UisU_K) eb'ru—'i—"(' 1 + fi(T) = f (Tsui)’
2

i} = 1,2,...,N.

The solution of the system (4.4) with an arbitrary phase func-

tion (provided «

1% %K = 0) was studied in detail in reference 8.

The averaging of the phase function over the azimuth has not been

assumed there; however, the integral with respect to the azimuth

was approximated by the Chebyshev quadrature rule.

We shall describe

a convenient algorithm for the solution of the system (4.4) if the

following restrictions are satisfied:

1)

(4.5)

2)

(4.6)

3)
tion

4.7

4)

(4.8)

the phase function is isotropic:
gQ,u') = 1;
the inner sources are represented in the form:

B(u)t

£(1,1) = w(we »W,B €C

[-1,11°

the points of the quadrature rule (4.1) satisfy the condi-

ey T4 B, il (K] = 12,000

the medium is absorbing, i.e.

A<,
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In the particular case x, = = 0, V0 = Vb z 0, the proposed

1<
algorithm coincides with those in {7] and [19]. Note that in

reference 19, the isotropicality of sources (i.e.: w,B is a con-—

stant was additionally assumed.

Theorem 4.1. Let conditions (4.5) - (4.8) hold. Then the solution

of (4.4) can be represented in the form

N -d_T 8,1 BT
x (0 = § [Ce K4 cKe(T R a;e Koy aée L
=1

li] = 1,2,...,N, T € {0,b], B, = B(w), [K[] = 1,2,..

= i =i .
where the unknowns CK’ CK, dK’ ags s K, |i] = 1,2,...,N are

uniquely defined by the following conditions:

(6.10) 1+ A 2 ———3—— K =1,2,...,N,
i=1 (dKu )
)
3 h|
Y g ay ay - 0, i # K,
) 451 j BKu +1 8 uj—l w,, 1 = K,
(4.11) <
=3 ==] -
51_A§a[aK x ]-O’i*K’
K 2j=1J B_KUJ 1 B_Kllj 1 W, » i—"Ks
K, li] = 1,2,...,N,
] -
N -d_b C -d_b
2[1-?( (eK11)+1+dKu(leK)+F]+VO
k=1 %Y K
N ¢ -d_b ¢ -d_b
4 K K K = b
.12) { Y1 (kme ) +——(e = k,-1) + F 1+ V
K1 1+dKuj 2 1 dKuj Kj i
j =1,2,...,N
l

.sN,
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with
h] =J
Xi = 11;5-—{e8 bKl-l) + 1+ZK (eB_KbKl—l),
j R kM5
=] ==
ﬁK‘ = i:gg——(K2~eBKb) + E:EE———(Kz—eS_Kb).
j ey kY

The following lemmas deal with the solvability of equations
(4.10) - (4.12).

Lemma 4.1. Equation (4.10), with z = di

distinct real-valued, nonnegative solutions ZsZgseensZy lying in-
~2

1 )

The proof of this assertion is given in reference 19.

s, has exactly N pairwise

. . -2 -2 ~2 -2
side the intervals (0,uN ), (uN ,uN_l),...,(u2 WU

Remark 4.1. 1In (4.9) and (4.12), it is sufficient to substitute
the arithmetical values of the roots of the solutions of equation
(4.10), i.e. dK = /E;, K =1,2,...,N. We then see that the exponents
in (4.9) and (4.12) have a negative degree; and, if N is enlarged, an

overflow does not occur.

*
Lemma 4.2 . The system (4.11) is uniquely solvable, and its solution

i i
ay and ay have the form

i n Wt/ Bt 10, 5 K,
L 2 . Y 1,2
xS o S

i=1

and

W_p e/ (B_ghp-1) . (0, i#$ -k,

X W, i=-K; [i], K = 1,2,...,N.

=_A

a _._-E

- 2 2

A -1 -K
1+ jzlaj/(B_KuJ )

*
This lemma was proved by N. Kolesnik—-a student of Tartu State

University.
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Proof. After straightforward, but sufficiently unwieldy transforma-

tions of the determinant of (4.11), we determine the solution by

Cramer's rule.
Lemma 4.3. System (4.12) is uniquely solvable for any A < 1.

Proof. 1Indeed, in the opposite case it is not difficult to show
that if the absolute term is congruent to zero, then system (4.12)
has a nontrivial solution. Then the homogeneous equation corres-
ponding to (4.4) alsc has a nontrivial solution; however, this con-

tradicts (2.11) (see theorem 5.1).

Remark 4.2. The restriction (4.7) can be omitted. 1In this
case the algorithm (4.9) - (4.12) undergoes some changes, namely:
the sum in the two last terms of (4.9) is summed up with respect to
the set M = {K:BK + lu;ll, i=1,2,...,N}. Then system (4.11) and
the absolute terms FKj and FKj in (4.12) change. We shall not over-
burden this paper by writing out all these variations but only refer
to reference 10. There, the various modifications of the algorithm
were described and justified for an example in a spherical trans-
port equation.

Remark 4.3. Restriction (4.8) can be relaxed, requiring only
X < 1. One of the solutions of equation (4.10) can be equal to zero
(=1, d1 = 0) and then the determinant of system (4.12) will be
equal to zero. In order to avoid this, we must look for the solu-
tion of (4.4) in the form

N -d 1 (t-b)d
N, ~ K K
x, (1) =€ +CT+ Zz[cKe + Cpe ]
N B T T
+ 3 [ali(e © 4 Ee K, 11l = 12,0001
=1

It is not difficult to obtain new conditions for determining

the unknown coefficients.
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Proof of theorem 4.1. Substitute (4.9) into the set of equations

(4.4) and equalize the coefficients of the linearly independent
-d, T (1-b)d B,T BT T/u, -t/u,
functions e s € K, e K , € K e ,e » js K =1,

2,...,N to zero. This leads precisely to the conditions (4.10) -
(4.12) and completes the proof of the theorem.

5. CONVERGENCE

Let us write equation (4.4) in the operator form

N _ N N 0
(5.1) X = PNR X + fN,
where
by
)\ ?
®%) (t,1) = -Z-J Y Ti Ner,1tawar', rY:cPe N*QP,
o 1=0

Ti’N(T,T',u) = ZaJK (1.7’ sHs Uy yx(t',v, (1-1' )u ), 1 =0,1,2,
=1

and vy (t) was defined in (2.8). Here CP’N = {f:f = (f_N,...,f_l,

£lavenafy)s £ el . 1<p < |l max ||£]] 5} and
1 N [0,b] PN li‘ilf_N i LP

N
and the projector PN:QP*CP’ . (PNf)i(T) = f(T,u Y, i) =1,2,...,N.

In the case of the "usual" plane-parallel problem (Kl 5 = 0)
the convergence ¢ +¢ande+x has been studied rather thoroughly. It
is sufficient to refer to references 2, 12, 13, 1l4. 1In particular,
Nelson and Victory showed the uniform convergence of ¢N to ¢ for
any Q from the space of functions continwous and bounded on [0,b] x

{[~1,0)u(0,11}, provided that

Al) the quadrature rule (4.1) converges for any function con-

tinuous on [-1,1], i.e.:

N 1
Logutu) » J wdu, N> @, wec

-1,1])°
ljl=1 -1 (=11
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and
A2) the phase function g is nonnegative (cf. (2.10)) and con-
tinuous on the square {-1,1]x[-1,17.
Here
T
Vo(u)e_T/ %-I f(t',u)e - (=t )/“dr s >0,
0
Q(t,u) =
b
b~T 1 ~(t-1'
v, (e )/“-EJ £rt e (T Mger, <o,
T

Thus || PN¢—¢NH + 0 results. Then, using (2.1), (4.3) and

oo’N

Nelson's12 results, we have an analogous convergence for the solu-
tions of the integral equations (2.5) and (5.1), namely

i PNx—xN”m’N-* 0. It is not difficult to prove convergence for the
remaining values of p € [1,°) (see, for example, reference 17 for

the isotropic case). Hence, if k, =k

17Ky = 0 we have||PNx—xNHP’N-+ 0 as

N -+ oo,

Let us represent the operators R and RN in the form of a sum
N N N

_ N
of the three operators R = R1 + R2 + R3 and R R1 + R2 + R3,
where

b
(Rix)(r.u) = % J T:(T,T',u)dT‘,
]

b
(fo)@,u) =% f '-f’i(’N“,r',u)dr', i=0,1,2.
Q

If assumptions Al) and A2) hold, the uniform convergence

IIPNRO PNROPN IQ +CP’N + 0 is valid, as N > «. In order to draw
a similar conclusion about the convergence Rg -+ Ri’ i=1,2 it is

enough to show that the integrand in (2.7) for i = 1,2 "is not worse"
than that for i = 0.
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It is known that the kernel K, has a singularity on the diagonal

0
T =1"'. Let us consider the kernels Ki’ i =1,2. The function
4, = @M b0
belongs to the space Cm[o 1] and decreases to 0 at the rate of
e_b/u if u > 0. From this, it follows that the kernels K1 and K2
have the same singularity as kermel KO’ but only at the points
T-T" =-band T - T = b, respectively. The functions T? defined

by (2.7) have a logarithmic singularity (if g is smooth enough) at
the points T = t', if i =0; at T =0, T' =b, if i = 1; and at
T=5b, 1" =0, if 1 =

Thus, the convergence R +R

2R - P

i_isvalld for all i = 0,1,2, and

NR P P CP N + 0 as N+ o, It follows from this that,

for suffic1ent1y large N, the operator (I—P R ) exists and is

bounded for all A, which are not characteristic values of equation

(2.5). From the equality
N

I\ N~ N
(5.2) PNx—x = (I—PNR ) [(P Rx~ PNR P x) + (P f

0 .0
-f)]
. N . 0 0
follows the uniform convergence x - x since fN =+ f° for any con-

tinuous VO’ Vb, f. We have thus obtained
Theorem 5.1. Let the conditions Al) and A2) hold and let

VO’ Vb €C fecC Then for N suitably large,

[_1’1]’ [O,b]x[_l’l].
*
equatjon (5.1) has a unique solution for any A < A (see (3.4)),

and the convergence l[PNx-xN +0, 1 <p <= isg valid.

e, x

Remark 5.1. Let a quadrature rule satisfy the following re-

quirements:
1

1
B1) 1J'm(u)du - 2 A w(ie) | —;—J (o | + |w" @) [ydu;
-1 [kl=1 21
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3
B2) N o f.C“j’ j =1,2,...,N, C is a constant > Q;
K=1
. 1
B3) phase function g € C[-l 11x[-1,1] °
> >

Then using the technique of estimation proposed by Pitkaranta and

17

Scott™ ' one can prove that there exists a comstant C > 0 such that

2
max ) |T:(T,T',u) - T?’N(T,T',u)| < i%[? + |log|t-1'}|
~1<u<1 1=0 N

)

+ 110g(b2-(1-1')2)f11‘° e
- -t b -(t-1")7

for any ¢ in the range 0 < 0 <1 and 7, T' € [0,b], T £ 7't b
T # T'. The following estimate is a consequence of the uniform

boundedness of the operators (I—PNRN)'—l and the preceding inequality,

IIPNx—xN ”P N f_CN_l(l + log N), C is a constant > 0,

6. THE RATE OF CONVERGENCE

N
Let us consider the function (PNRX—PNR PNX)K(T), IK] =1,2,...,N.
We integrate it by parts. By straightforward but sufficiently un-

wieldy transformations, we obtain the equality

N
(PNRx-PNR PNX)K(T) =

1
N
=-% {[J g (> W)= (T, du - ] % SLICRINEICRIR)
-1 j1=1

' -t/u 7 “t/uy
-[J g(uK,u)e x(0,u)du - J_Zlocjg(ul(,uj)e x(O,uj)]
0
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1

3 -
(7.1) u%%+¢ﬁm)=%[¢ﬁmvmﬂ+ G-2au?-i 2
-1
with boundary conditions
$(0,1) = (b, + i) (1-e"?%y, 1> 0,
(7.2) )
$(ba) = 0.36(0,1) + () e ®/20.3), 1 < 0,

by the algorithm proposed in section 4. The exact solution of the
boundary-value problem (7.1) and (7.2) is ¢(T,u) = (1+112)e"‘r/2
from which x(t,u) = (1-u/2+u2—u3/2)e—T/2.

As a quadrature rule we choose the midpoint rectangular rule
and compare it with the Gaussian quadrature rule, which yields an
exact solution if N = 2 (as ¢ is a polynomial of second order).

The values xN(T,u) computed according to algorithm (4.9) -
(4.12), where aj = N-l,uj = O.S(Zj—l)N—l, i=1,2,...,N, are given
in Table 1., The values computed using the Gaussian rule are given
in the row indicated by (*). They are exact and correspond to the
exact solution x(T,u).

It is often necessary to use a quadrature rule to approximate

the scalar flux

1
(7.3 gy = %-J (T, du.
-1

Its values are shown in Table 2.

N
The values ¢ (T,uj), |31 = 1,2,...,N have been computed by formulae
similar to (2.2) - (2.3), and integral (7.3), by the midpoint

rectangular rule, i.e.

B(T) * $3(0) =

N

3 N
1 oo ot
[k|=1

(The exact values of ¢ are given in the (*) row.)
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1 e"(2b—T)/U
(6.1) - KZ[J 8 (K —1) L 570 x(b,-u)dy
0 "Kze
g ~-(2b-1)/u
- a.g(u,,~1,) — x{(b,-u,)]
go1 KT 1-rye b/uJ
P e/
+ Ky Jq ngru)I?—ﬁgﬁy— ggw.ﬂndu
00 ko€

o~ (b¥s-T) /1,
e " 7
1-K2e’b/“j

N
Y 08 (> M) %ﬁ(s,~uj)]ds}.

i=1

Let us make conditioms A2) and A3) more rigorous. We assume

that

cl) the phase function g has a sufficient number of bounded

derivatives of U (respectively of u').
Moreover, we also assume that the given functions

C2) VO, Vb

(with respect to u).

and f have a sufficient number of bounded derivatives

m
Then it is clear that the solution x is such that ‘E—E(T,u) < Cm,
M -

where Cm are constants independent of T,u. Taking into account
estimate (3.5), we see that, from equality (6.1), the rate of con-
vergence of PNRNPNX to PNRx and correspondingly of xN to PNX (see
(5.2)) asymptotically depends on, and only on, how well the quadra-

ture rule

.y 1
1 o) > J w(u)du
k=1 o

o

(cf. (4.1)) integrates the exponential integral E2. Thus, we have
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obtained the main result about the rate of convergence.

Theorem 6.1. Let assumptions Cl) and C2) hold and suppose x and xN

are the solutions of equations (2.5) and (5.1). Then there is a

positive constant C such that

2 fegex |l <l Bl 1<p <o
’ L
1
_ N -t/u
where E2(T) = J e T/u du and Eg(T) = Z aKe K , 0<1<hb,
K=1 -7
0

Some estimates of the rate of convergence obtained in reference

17 follow from (6.2):
1) Let the quadrature rule (4.1) satisfy the conditions Bl)
and B2), i.e. suppose the quadrature rule is only first-order

accurate. Then

1

J Qo ] + v ) Dau = Ey(0) + e
0

T <o, b () = e,

and we get the following estimate

1

%Nigjd%mﬂ+|%wﬂmug§.
0

o= ||

2a) Let the quadrature rule (4.1) be Gaussian quadrature
applied on -1,0] U [0,1]. We use the result of De Vore and Scott

(proposition 3.2 of reference 17).

h N
lf wydu -} e w)|
K=1G‘K K
0
(6.3) .
-m
<CN J (RUGESTY
0

(m)
]m/2 [w) [du, m < 2N-1,
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where Cm depend only on m. Setting m = 2, w(u) = wT(u), we obtain

1 1
"
2 -
J u(-wy [y () |du = J u(1 -5 e /g,
0 H
1 1 2
<2 J = Mgy 4 J oo Mgy < 37T+ 1,
- 3 — e
oM o ™
from which it follows || P x—xN‘I < CN 2
N o,N —

2b) One can obtain the corresponding estimate in the space

cl,N

the second as m = 6 in the following equality

, estimating, by means of (6.2), the first norm as m = 2 and

N
| E,-E, I} = - + -1l .
22 0,1 10,82 Li2,p)
It is easily seen that Il-”L ) f_CN_4. Computing directly
[0,8-7]

w$6)(u) and substituting it in the right-hand part of (6.3) we
obtain the equality

1 1

-t/u 6
(6) i 6151
1- = L2 S
[[u( w1 Iw () |au J«l - 2 17 = J),j,(J_l),( y3
0 0 “ =1
But
1
6 -t/u . 8 -
) I e ; G qu=eT KKTG 3
3=1 wo M k=1
0
where «,, K = 1,2,...,8 are constants dependent only on K. From

K’
that it follows that

AL

and



23:44 5 Novenber 2008

[LANL Research Library] At:

Downl oaded By:

346 MARSHAK

i PNx—xN ||1’N < ot

In the same way, or using the interpolation theory in reference
3, one can obtain the estimates for the remaining spaces CP’N,
1 <P <o as well as for the Gauss rule on [-1,1].

3) Let us return to inequality (6.2). TFollowing reference 11,
we shall construct a composite quadrature rule, namely: we shall
divide the interval [0,1] on m+l subintervals by the points
0 < a; < a2 <ose< a < am+1 = 1. On each subinterval [aK’aK+l]’
K=1,2,...,m we apply the n-point Gauss rule. Then provided the

points ay are chosen by the recurrent relation

_ ,4n 2n/(2n+1)
a; = 2 > A ay + Ay

K=1,2,...,m1,

we obtain the estimate

6.8y lpll, < ant/® 2N
[0,b]
m n - .
Here, N = mn and EN(T) = 2 2 O € T/UKJ is an approximation of
2 k=1 j=1 ¥

the exponential integral.

From (6.2) and (6.4), it follows that || Pox—x" || . =

oo,N
O(Nl/sz—z/ﬁ

above is significantly more accurate for the discrete-ordinates

), which states that the quadrature rule constructed

method than the ones described previously., The initial value of N,
where this advantage is obvious, is discussed and numerically
pointed out in reference 11.

Note that in this section we let C denote a positive constant

which may take on different values upon different usages.

7. A NUMERICAL EXAMPLE

We give in this section a numerical solution of the equation,
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1

3 -
(7.1) u%%+¢ﬁm)=%[¢ﬁmvmﬂ+ G-2au?-i 2
-1
with boundary conditions
$(0,1) = (b, + i) (1-e"?%y, 1> 0,
(7.2) )
$(ba) = 0.36(0,1) + () e ®/20.3), 1 < 0,

by the algorithm proposed in section 4. The exact solution of the
boundary-value problem (7.1) and (7.2) is ¢(T,u) = (1+112)e"‘r/2
from which x(t,u) = (1-u/2+u2—u3/2)e—T/2.

As a quadrature rule we choose the midpoint rectangular rule
and compare it with the Gaussian quadrature rule, which yields an
exact solution if N = 2 (as ¢ is a polynomial of second order).

The values xN(T,u) computed according to algorithm (4.9) -
(4.12), where aj = N-l,uj = O.S(Zj—l)N—l, i=1,2,...,N, are given
in Table 1., The values computed using the Gaussian rule are given
in the row indicated by (*). They are exact and correspond to the
exact solution x(T,u).

It is often necessary to use a quadrature rule to approximate

the scalar flux

1
(7.3 gy = %-J (T, du.
-1

Its values are shown in Table 2.

N
The values ¢ (T,uj), |31 = 1,2,...,N have been computed by formulae
similar to (2.2) - (2.3), and integral (7.3), by the midpoint

rectangular rule, i.e.

B(T) * $3(0) =

N

3 N
1 oo ot
[k|=1

(The exact values of ¢ are given in the (*) row.)
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TABLE 1
g
N 0.0 0.8 1.2 2.0 u
* 0.9375 0.6284 0.5145 0.3449
3 0.9303 0.6227 0.5097 0.3417
0.5
9 0.9367 0.6278 0.5140 0.3445
15 0.9372 0.6282 0.5143 0.3448
* 1.5625 1.0473 0.8575 0.5748
3 1.5553 1.0416 0.8527 0.5716
-0.5
9 1.5612 1.0463 0.8566 0.5742
15 1.5622 1.0471 0.8573 0.5747
TABLE 2
I
:;\\\\\ 0.0 0.8 1.2 2.0
* 0.6667 0.4469 0.3659 0.2453
2 0.6504 0.4339 0.3549 0.2380
5 0.6641 0.4448 0.3641 0.2441
8 0.6656 0.4461 0.3652 0.2448
11 0.6661 0.4465 0.3655 0.2450
14 0.6663 0.4466 0.3657 0.2451
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Rémark 7.1. 1In the course of solving the set (4.12), we note
that it is worthwhile to multiply the matrix of the system by its
conjugate matrix. In spite of an increase of the condition number,
all eigenvalues will become positive, and the system is easily
solved by any method (for example, by the method of straightforward

Gaussian elimination with partial pivoting).

8. CONCLUSION

The present paper deals with the integro-differential trans-
port equation with boundary conditions corresponding to the periodic
problem. We have converted this equation to the integral equation
of the Peierls typeaccording to the following considerations.

Firstly, in this case, the algorithm of the solution looks
more simple and is more easily programmed for the computer. Secondly,
the study of convergence and especially the rate of convergence is
more convenient in terms of integral operators (in particular, opera-
tors with weakly singular kernels). And thirdly, there are integral
equations of radiation transfer (for example, in some models of
broken clouds) that have no integro-differential analogue.

This paper describes the method which makes it possible to
estimate the rate of convergence using any quadrature rule. The
question about the optimal quadrature rule remains open, even in the
one-dimensional case. This problem, as was shown, is equivalent
(with some restriction) to the selection of a quadrature rule which

approximates the exponential integral E, in the optimum manner. The

2
author would like to point out that the composite quadrature rule

constructed in reference 1l surpasses the Gaussian and Clenshaw~-
Curtis rules recommended; e.g. in references 17 and 18. Unfortu-
nately, the numerical example proposed in this paper does not
reflect this advantage because the solution ¢(T,u) in this

example is a polynomial with respect to u.
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